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1 BBe^eHHe 

HanoMHHM HeKOToptie onpeflejieHHs H3 Teopim pHMaHOBBix MHoroo6pa3HH, 
KOToptie mojkho Hail™, HanpiiMep, b MOHorpacJiHax [6], [T7], [15] h [T9]. Ha- 
noMHHM, hto n-Mepnoe monoAoeunecKoe MHoeoo6pa3ue M” - sto xaycflop4)OBo 
TonojioriiuecKoe npocTpaHCTBo co cmctitoh 6a3ofi, b kotopom Ka>K/ian tohkb 
HM eeT OTKpBiTyio OKpecTHOCTB, roMeoMopc[)Hyio R n . Kapmou ua Mnosoo6pa3uu 
M n Ha3BiBaeTca napa (U, (p), r,n;e U - oTKpBiToe no^MHoxcecTBo npocTpaHCTBa 
M n , a p - roMeoMop4)Hoe oToSpaxcemie no^MHoxcecTBa U Ha OTKpBiToe nofl- 
MHOJKeCTBO KOOp^HHaTHOrO npOCTpaHCTBa W 1 , C nOMOHIBIO KOTOporO KaJK^OH 
TOHKe p e U CTaBHTCH BO B3 H HMHO O/ITT03 IT a T T HOC COOTBeTCTBHe Ha6op H3 Tl 
HHceji, ee aokojajhux KoopduHam. IIojihbih Ha6op Bcex KapT MHoroo6pa3HH 
Ha3BiBaeTCH ero amAacoM. PAadKoe MHosoo6pa,3ue - MHoroo6pa3He c KapTaMH 
(U a , tp a ), JIOKajIBHBie KOOp^HHaTBI KOTOpBIX CBH3aHBI TJia^KHM ( C °°) o6pa30M. 

PuMcmoeuM MH02oo6pa3ueM (M n ,g) Ha3BiBaeTCH rjia^Koe MHoroo6pa3He c 
3afl£lHHO0 Ha HeM piIMaHOBOH MeTpHKOH, T.e. nOJIOHCHTejIBHO Onpe^ejieHHBIM 
CHMMeTpHHHBIM TeH30pHBIM nOJieM g = fpj (x), KOTOpoe Onpe^ejIHeTCH B 
Koop^itHaTHBix KapTax c npaBHjioM nepexofla: 



ryi;e, KaK o6bihho, k ti l = 1, n Tax Ha3BiBaeMBie cBanaHHBie HH^eKCbi, no 
KOTopniM npoH3Bo^HTCH cyMMHpoBaHiie. gij(x) b flajiBHefiHieM noflpa3yMeBaeT- 
ch rjia/fKHM. 3aMeTHM, hto detgij > Ob citjiy nojio>KHTejiBHOH onpe^ejieHHocTH 
g t j , cm., Hanp., 0 c. 277], 

dAeMewn 3 auhu 3a,a,aeTCH HHBapHaHTHoil Tjic^c^epeHpHajiBHOH <J>opMOH 


n 



r^e g t j - MeTpunecKiiH TeH3op, x l - jioKajiBHBie Koop^HHaTBi. B cootbctctbiih c 
3thm, ecjiH 7 : [a, b] —> - KyconHo-rjia^Kaa KptiBasi h x(t) - ee napaMeTpn- 

necKoe 3aflaHHe b jioKajiBHBix Koop^HHaTax, to ee ,n;,nHHa BBinncjiHeTCH no 
4)opMyjie: 



a 


l 





reode3UHecKoe paccmoAHue d(pi,p2) onpe^ejiaeTCH k&k HHcJniMyM ^jihh Kyco- 
HHO-rjiaflKHX KpHBBIX, COe^HHHTOIipTX TOHKH P\ H P2 B (M n , ()). JIloSaH KpHBaH, 
coe^HH5iioin;aH p\ h P 2 , Ha KOTopofi peanroyeTCH stot HHcJ)HMyM, Ha3biBaeTcn 
geode3UHecKou. 

HanoMHi-iM TaKJKe, hto ajieMeHm od&eMa Ha (M n ,g) onpe^ejineTCH HHBa- 
pnaHTHOH cJ)opMOH dV = yf detgij dx 1 ...dx n , a ajieMeHm nAoigadu rjia^Kofi 
noBepxHOCTH H Ha (M. n ,g) dA = y/det g* a ^ du\...du n -\ - HHBapHaHTHoii cJ)op- 
moh, r^e - pHMaHOBa MeTpHKa Ha H , nopojK^eHHaa hcxo^hoh piiMaHOBOH 
MeTpHKOH gij no (J)opMyjie: 

3,a,ecB x(u) - rjia^Kan napaMeTpH3apnH noBepxHOCTH H c V u x ^ 0 Bcro^y. 
TaKHM o6pa30M, m eTpunec kith TeH3op g Ha pHMaHOBOM MHoroo6pa3HH no- 
pojK^aeT cooTBeTCTByiomHH MeTpHnecKHH TeH3op g* Ha npoH3BOJiBHOH pery- 
jinpHOH noBepxHOCTH, cm., Hanp., § 88 b ["19] , 

3^ecB nofl noeepxHocmbw Ha MHoroo6pa3HH (M n ,g) noHHMaeTca Henpe- 
pniBHoe oTo6pa>KeHHe H : U —> M", r^e U - oSjiacTB b (n — l)-MepHOM 
npocTpaHCTBe M n_1 hjih, 6ojiee o6m;o, U - (n — l)-MepHoe MHoroo6pa3He, 
HanpHMep, (n — l)-MepHaa ccj)epa. Ecjih oToSpanceHHe H hbjihctch rjia^KHM 
b jioKajiBHBix KoopyHiTarax. to noBepxHOCTH Ha3BiBaioT scwdnou. HanpHMep, 
reo^e3HHecKaH cc[)epa b ^ocTaTOHHo Majioft oKpecTHocTH npoH3BojiBHo0 tohkii 
rjia^Koro pHMaHOBa MHoroo6pa3HH - rjia^Kaa noBepxHOCTH, cm. MOHorpacJnno 
[13 c. 106], 

Hac BaxmBi cjieflyiomHe 4)yHflaMeHTajiBHBie c[)aKTBi, cm., Hanp., jieMMy 

5.10 h cjie^cTBiie 6.11 b [IB], a TaKxce [6] c. 260 - 261]. 

npe^jio^ceHHe 1.1. J^aa Kaxtcdou mounu puMcmoea MHozoo6pa3UA cyxpecmey- 
mm ee oKpecmnocmu u coomeemcmeytou^ue AomAbHue Koopdunarriu e mix, e 
Komopux seode3uuecKUM ccfiepciM c yenmpoM e daHHou moune coomeemcmeymm 
eeKAudoeu cxjpepu c meMU cnee paduycaMu u c yenmpoM e nauaAe Koopduuam, a 
c6A3Ke 2eode3unecKux, nexodnupax U3 daunou moHKU, coomeemcmeyem c6A3Ka 
Ayneu, ucxodnipux U3 hclhclacl KoopduHam. 

YKa3aHHBie OKpeCTHOCTH H KOOp^HHaTBI npHHHTO Ha3BIBaTB HOpMCLAbHUMU. 

3aMeaaHHe 1.2. B nacTHocTH, b HopMajiBHBix KoopynnaTax reoyesHnecKne 
cc^epni HMeioT ecTecTBeHHyio rjia^nyio napaMeTpH3an;Hio nepe3 HanpaBjimoipHe 
KOCHHycBi cooTBeTCTByiomHX jiynefi, hcxojth ttt hx H3 Hanana Koop^HHaT. KpoMe 
toto, MeTpHnecKHH TeH3op b Hanajie Koop^HHaT b sthx Koop^HHaTax coBna^aeT 
c e^HHHHHOH MaTpiipeii, cm., Hanp., npefljiovKeHHe 5.11 b [ IB] . 

2 O HH>KHHX Q-rOMeOMOp(J)H3MaX Ha TJiaflKHX pHMaHOBbIX 
MHOrOo6pa3HHX 

B ^ajiBHefimeM mbi iicnojiB3yeM o6o3HaneHHH reo/i,e3H T iecKHx cc[)ep S(Po,e) = 
{P G M n : d(P,Po) = e}, reo/i,e3H T iecKHx mapoB B(P 0 ,e) = {P G M n : 
d(P , Pq ) < e} h reo/iysHHecKHx KOJien; A(P 0 , £ , £o) = {P G : e < d(P, Pq) < 
£o}, rfle d - reo/i,e3H T iecKoe paccTonmie Ha (M n ,g) n no^pasyMeBaeM, hto 
S{P 0 , r ), B(Pq, r) h A = A(P 0 , £, £o) JiencaT b HopMajiBHofi OKpecTHocTH tohkh 
Pq. a,anee jho6bix mhojkcctb A, B h C b (M n , g),n > 2, nepe3 A(H, B ; C) 


2 






o6o3HanaeM ceMeficTBo Bcex Kpiranix 7 : [a,b] — > M rt , coe,n;HH5Hoin;Hx A h B b 
C , T.e. 7 (a) G A, 7 ( 6 ) 6 Bi 7 (f) G C npn a < t < b. 

BopejieBCKyio c[>yHKn;mo p : M n — >■ [0, 00 ] Ha 3 BiBaeM donycmuMou pyiH 
ceMeflcTBa T noBepxHOCTen S b M n , nnineM p G adifiT, ecjin 

J p^dA^l VSeT. (2.1) 

s 

p-ModyAb ceMeucmea noeepxHocmeu Y npn p G (0, 00 ) ecTB BejiiiniiHa 

M p (Y) := inf [ (? dV. 

p G adm T J 
M n 


ITpn p — n nonynaeM kohcJ)opmhbih Mo^yjiB h b 9tom cjiynae ncnojiB3yeM 

o6o3HaneHne M(r). 

AHajToriT T THo cTaTBe [9]. cm. xaK>Ke MOHorpacJuno [IS], SopeneBy ([mTKiiHTo 
p : M n — > [0, 00 ] Ha3BiBaeM odoCnpenno donycmuMou, jxjir ceMeficTBa Y noBepx- 
HOCTen S b M n othochtcjibho p-Mopyjia, nnineM p G ext p adm F, ecjin ycjioBne 
flOnyCTHMOCTH (EU BBinojiHeHO /yifl p-nonTii Bcex (p-n.B.) S G T, T.e. 3a 
HCKjnoneHiieM noflceMeficTBa Y HyjieBoro p-Mo^yjiH. Tlpn p — n minieM p G 
ext adm T. 

Cne^yroipee noHnxrie, MOTiiBiipoBaHHoe kojibupbbim onpe^eneHiieM Tepimra 
7;jI2 KBa3HKOH(])OpMHBIX OToSpaOKeHHII B [3], 6bIJIO BnepBBie BBefleHO b M n , 
n > 2, b [Sj. 

IlycTB Bcio^y flajiee 1) h P* oGnacxn Ha mayKi-ix piiManoBBrx MHoroo6pa3ii- 
ax (M", g) h (M",g*), n > 2, cooTBeTCTBemio, Q : M n —>- (0, oo) - H3MepiiMaH 
4)yHKu;HH. roMeoMop4)H3M / : P —> P* 6yn;eM Ha3BiBaTB huchchum Q-zomco- 
Mop<fiu3MOM omHocume/ibHo p-ModyAA e mouKe Po G P, ecjin cymecTByeT 

do £ (0,<i(Po))j d 0 := sup <i(P 0 ,P), Tanoe hto pyiH bchkoto £o < So n jho6bix 

pgd 

reo,ri;e3HHecKHx Kojien, A = A(P 0 , £, £o), £ £ (0, £o), BBinojiHeHO ycjioBiie 


M p (f( E e )) > 


inf 


p 6 


A CD 


p%P) 

<2(X) 


dV, 


( 2 . 2 ) 


Type nepe3 S £ oGosna^ieno ceMeficTBo nepecenemiH Bcex reoyesnuecKiix cc[>ep 
S(P 0 , r), r G (£, £o), c oSjiacTBio P. ByzpeM Taione roBopHTB, hto roMeoMopc[>H3M 
/ : D —> P* HBjiHeTCH HuatcHUM Q-zoMeoMop(fiu3MOM omnocumeAbHo p-ModyAA, 
ecjin / HBJIHeTCH HHJKHHM Q-TOMeOMOpc[>H3MOM OTHOCHTejIBHO p-MO^yjIH B 

Kaxcypon Tonne Po G P, cp. c [IS] . 

CnenyTo nT HH KpHTepnfi hhjkhhx Q-roMeoMop4)H3MOB, cm. TeopeMy 2.1 B [9] 
n TeopeMy 9.2 b [16], BnepBBie 6 biji ppoKasaH ypjiH KOHcJiopMHoro Mo^yjiH b M n 
npn n > 2; ripn p ^ n b 1", cm. TeopeMy 9.2 b [5], a Taione ypiH rjia^Knx 
piIMaHOBBIX MH0T006pa3HH (M n , g) ripi-I n > 2 OTHOCHTejIBHO KOHc[>opMHoro 
MOflyjiH, cm. TeopeMy 4.1 b [T], 

TeopeMa 2.1. Plycmb D u P* - o6Aacmu na ZAadnux puManoeux mhozo- 
o6pa3UHX (M n ,g) u (M ™,g*), n > 2, coomeemcmeenHo, Q : M n — > (0, oo) - 
U3MepuMaA fiyHKyuA, u Po G P. PoMeoMop$m3M f : P —>■ P* AeAAemcA 
huchchum Q-zoMeoMop$u3MOM orriHocumeAbHO p-ModyAA, p > n — 1, e mouKe 
Po, mozda u moAbKo mozda, Kozda dAA ak>6ou uopMaAbuou oKpecmuocmu 
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B(Pq , £o) rnov,KU Pq c 0 < £o < := sup d(Po, P ) 

PeD 


£0 


M p (/(E £ )) > 


dr 


Q\\s(Po,r) 


V e G (0, £ 0 ); 


(2.3) 


ade s = p 7 f n+1 , S £ - ceMeucmeo ecex nepeceuenuu c oSnacmbn) D a eodes uh e ckux 
c<fiep S(Pq, r), r G (e,e 0 ), u 


( 


Q\\s(Po,r) = 


\ 


Q S {P) dA 


(2.4) 
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\p{P 0 ,r) 

L s -Hop.M,a Q no D(P 0 ,r) = {P G D : d(P, P 0 ) = r} = D fl S(P 0 ,r). 
3aMeTHM, uto HHc^HMyM b (12.2p ,n,ocTHraeTCH ^jia 4)yHKn;HH 

Q(P) 


Po(P) = 


[\\QUP 0 ,d(P,Po))\ 


p— n+1 


TaKHM o6pa30M, HepaBeHCTBo m UBJiaeTCU TOUHBIM flJIS H1DKHHX Q- 
rOMeOMOp(|)XI3MOB OTHOCHTejIbHO p-MO^yjIH. 

Proof. OTMeTHM, uto b (12.2 j) no TeopeMe JIy3iiHa, npemioncemno [ITTl ii 3aMeuamno 

o 


inf 

p E adm E e 


A nD 


inf [ 

Q(P) P S extp adm E s J Q(P') 


dV. 


a nr> 


TaK>Ke fljis jno6oro p G exf p adm E e , 



J p n ~\P) dA ^ 0 n.B. 

D(P 0 ,r ) 


HBjineTcn HSMepuMoir c^yHKpHen no napaMeTpy r, cxanceM no TeopeMe OyGiTHu, 
npe^jiojKeHmo o n 3aMeuaHnio Ol TanxiM o6pa30M, mbi mojkcm TpeSoBaTB 
paBeHCTBO A p (r) = 1 n.B. BMecTO ycjioBnn flonycTHMOCTH (12.11) n 


inf 


p e 


A nD 


pUP) 

9(P) 


£0 


/ 


df/ = 


inf 

aG I(r) 


a 


'(p) 


\ 


v 


D{P 0 ,r) 


Q{P ) 




dr, 


r,ri;e q = p/(n — 1) > 1, A = A(P 0 ,£,£ 0 ), £ G (0, e 0 ), n J(r) o6o3HauaeT 
MHOJKecTBo Bcex SopejieBBix c^yHKpnH a Ha noBepxHocTH D(x o, r), Taxnx, uto 


J a(P) dA = 1 . 

D(P 0 ,r) 

IIosTOMy TeopeMa 1 cue^yeT H3 ueMMBi 2.1 b [9], cm. TaKxce ueMMy 9.2 b |16] 
fljia X = D(P 0 ,r ) c Mepofi njiomaflu Ha D(P 0 ,r ) b xauecTBe p, <p = D(p 0 ,r) 

h q = p/(n — 1) > 1. □ 
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CjiepyroipHfi pe 3 yjitTaT cHauajia 6biji poxasaH Ha rjiapKHx puMaHOBBix mhoto- 
o6pa3HHx (M n , g), n > 2, oTHociiTejiBHo KOHcjiopMHoro MopyjiH, cm. jieMMy 4.1 

B [U. 

JleMMa 2.2. IJycmb D u D* - oS/iacmu ua zAadnux puMcmoeux Mnozoo6pa3UAX 
(M",g) u (M™,g*), n > 2, Q : M n —y (0, oo) - u3MepuMan cfiynKyuA u 
f : D —» ZJ* - huchchuu Q-zoMeoMop<f)U3M omHocume/ibHO p-ModyAH e mom ce 
Po £ D, p > n — 1. Tozda 


M a (A (f(S e ), f(S £o y, DJ) < c/I s , (2.5) 

gde a = jPn+l’ S = F^Tl’ S e = S{P 0 ,e) u S eo = S(P 0 ,£ o), 0 < £ < £ 0 , 
B(Po,£q) - HopMaAbHaH OKpecmnocmb mOHKU Xq, 


I — I(P 0 ,£,£ o) 


£0 


dr 


\\QUP,„r)' 


( 2 . 6 ) 


||Q|| s (P 0 ,O onpedeneno e (00 ), a Koncmanma c npou3eoAbuo 6 au3kci k 1 e 
docmamoHHo mciaux OKpecmHocmnx mounu P 0 . 


Proof. YHHTBiBaH tot cjiaKT, hto no 3 aMenaHHio 11.21 MeTpnuecKHH TeH 3 op b 
H anajie HopMajiBHBix KooppiiHaT coBnapaeT c epHHHHHoft MaTpnpeft h, cjiepo- 
BaTejiBHo, b flocTaTOHHo MajioM mape c peHTpoM b Hyjie paBHOMepHo 6 jih 30 k 
k epHHHHHofl MaTpupe, nojiynaeM, corjiacHo paBeHCTBaM Xecce h UpMMepa, 
CM. [22] H [| 23 ], MTO 

M a (A(f(S E ),f(S eo );D t ))) < Ms J (E)) , (2.7) 


a = 


p 


" P-n+l’ ^ < 01 < oo, n—1 < p < oo, nocKOJiBKy /(E) C E (f(S £ ), f(S eo ); £>*), 
rpe E o6o3HanaeT coBOKynHocTB Bcex reopesnuecKiix ccjiep c peHTpoM b Tonne 
Po, pacnojio>KeHHBix Mexcpy ccJoepaMH S e h S £o , a E (f(S e ),f(S eo )]D*) coctoht 
H 3 Bcex 3aMKHyTBIX MHOOKeCTB B D *, OTpejIHKJITpIX f(S e ) h f(S eo ), a c - 
nOCTOHHHaH, npOH3BOJIBHO 6jIH3KaH K epHHHpe B pOCTaTOHHO MajIBIX OKpeCTHO- 
cthx P 0 . TaKHM o6pa30M, H3 TeopeMBi 12.11 h cooTHomeHHH (12.71) nojiynaeM 
opeHKy (12.5p . rpe HHTerpaji I = I(P q ,e,e 0 ) onpepejieH b (12.61) . □ 


AHajior npHBepeHHofl hhjkc jicmmbi 6biji paHee nojiyueH b (M n ,g), n > 2, 
OTHOCHTejIBHO KOHcjlOpMHOrO MopyjiH, CM. JieMMy 3 B [2], 

JleMMa 2.3. IJycmb D - o6Aacmt> na zAadnoM puManoeoM Muozoo6pa3uu 
(M n ,g) ; n > 2, P 0 G D, 0 < £ < £ 0 < d 0 := sup d(P,P 0 ), A = A(P 0 ,e,£ 0 ) 

PeD 

- 2eode3unecKoe KOAbyo, B(P 0 ,£o) - HopMaAbnan oKpecmnocmb mounu Po u 
nycmb Q : M n —>■ (0, oo) - u3MepuMaA cfynnyuH, Komopan unmezpupyeMa e 
cmenenu s, s = 


n—1 
p—n~h 1 


, zde p > n — 1 e B(P 0 , £q)- IJycmb 
Vo (t) = 


I-IIQIUP 0 ,t)’ 


zde ||g|| s (Po,r), r G (£,£o), u I — I(Po,£,£o) onpedeAenu e (| 2.4\ ) u H2.6}) . 
coomeemcmeeHHo. Tozda 

!//•= J Q-(P)^S(d(P,Po)) dv< J Q‘(P)-A(d(P,P„)) dV, (2.8) 


A n D 


A n D 
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zde a = p _ p n+l djin ak> 6 ou dopeneeou fjyHKyuu rj : (e,£o) —> [ 0 ,oo], manou, 
umo 

£0 

J rj(r)dr = 1. (2.9) 

£ 

Proof. B ^ajibHeilmeM ml,i nojib3yeMCH TeM oSctostcjibctbom, hto no 3aMe T -iamno 
11.21 3 jieMeHTM o 6 n.eMa n njiomafleft Ha reo/i,e3H T iecKHx ccj)epax b HopMajiBHBix 
OKpeCTHOCTHX TOHKH P 0 SKBHBajieHTHBI eBKJIHflOBMM C KOStJx^HpiieHTOM 3 KBH- 
BajieHTHOCTH npOH 3 BOJIBHO 6jIH3KHM K eflHHHIje B ^OCTaTOHHO MajIBIX OKpeCT- 
hocthx, a paflHycM reofle 3 nnecKHx ccj)ep S(Po,r ) coBna^aioT c cbkjih/ipbmmh. 

Ecjih I = oo, to jieBan nacTB cooTHomeHnn (12.8|) paBHa Hyjno n HepaBeHCTBo 
b stom cnynae oneBippio. 3aMeraM, hto ecjin / = 0, to ||Q|| s (Po, r ) = oo rjis 
n.B. r G (e, eo), ^to hcbo3mo}kho BBH^y HHTerpnpyeMOCTH Q s b B(Pq,£o). 
IIoSTOMy MOJKHO CHHTaTB, HTO 0 < / < OO. Tor,ZI,a T]o(r) ~f~ OO n.B. B (£,£q), 
nocKOJiBKy ||Q|| S (P 0 ,-r) 7 ^ 0 n.B. KpoMe toto, ||<5|| s (Po, r) 7 ^ 00 n.B. nocKOJiBKy 
Q G L S (P(P 0 , £ 0 )). ITojiaran 


P{r) = v(r) ■ \\QUPo,r) 


I-I 


^M = [||Q|| s (Po,r)]- 1 , 

6yn;eM HMeTb, hto ry(r) = f3(r)uj(r) n.B. b (s, £q) h hto 

£0 

C := J Q S {P ) • 7 f ( d(P , P 0 )) dV — J ( 3 a {r)u{r)dr. 

An D e 

npHMeHHH HepaBeHCTBo HeHceHa c BecoM, cm., Hanp., TeopeMy 2.6.2 b [18]. 
k BBinyKjioH (J)yHKpHH cp(t) = t a , 3aflaHHo0 b HHTepBajie = (e, £o); c 
BepOHTHOCTHOH MepOH 


nojiynaeM hto 


v{E ) — — iu(r) dr, 


£0 \ a £0 

j j / 3 a (r)u>(r)dr J —jf P{ r )u{ r ) dr = j, 


r^e mm TaKJKe HcnojiB30BajiH tot c[)aKT, hto rj(r) = /3(r)u(r) ynpBjieTBopjieT 
COOTHOHieHHIO (12.9ft . TaKHM o6pa3QM, 


C >—, 

- /s’ 

hto h /i;oKa3MBaeT (12.81) . 

Cjie,zi,CTBHe 2 . 4 . IJpu ycAoeunx u o6o3HaneHUHX A,eM,M, \ 2 f 2 1 u \2.3L 


□ 


M a (A(f{S e ),f{S eo y,D.))<c / Q s (P) V a (d{P,P 0 ))dV, (2.10) 


n D 


zde S s = S(P 0 ,£) u S £o = S(P 0 ,£o). 
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.HpyrmtH cjioBaMH, oto o3HanaeT, hto hhjkhhh Q- roMeoMop(J) hsm otho- 
CHTejit-Ho p-Moyyjia b M n , n > 2, c Q e L S (P(P 0 , e 0 ))> s = ; hbjihctch Q*- 

KOJIBUpBBIM rOMeOMOp(J)H3MOM OTHOCHTejIBHO a-MOyyjIH c Q* = Q s , a = p _ p n+l ■ 

5Icho, hto a > p npn n > 2, [5]. 

0tM 6TI1M, HTO Teopiia HHJKHHX Q-OTo6pa>KeHHH npilMeHIIMa K OTo6pa>KeHH5IM 
c KOHe^HBiM HCKajKeHHeM Kjiacca OpjniHa-CoSojieBa npn HajiiiHini ycjioBHH 
KajibflepoHa h, b nacTHocTii, k KjiaccaM CoSojieBa Wj l 0( p npn p > n — 1 (cm. 
in, nn- Hsu. B paSoTax [8], [2D] TaK>Ke npHBoyaTcs npHjioxceHHH hhjkhhx 
Q- roMeoMop4)H3MOB k Hccjie^oBaHHio jioKajiBHoro h rpaHHHHoro noBeyemiH 
roMeoMopcJnHBix pemeHHH c o6o6m;eHHBiMii npoH3Boy;HBiMH h k 3ayaHe ^Hpnxjie 
yrra ypaBHeHHH BejiBTpaMH c BBiponcyemieM. 

3 06 o6o6m;eHHijix KBa3HH30MeTpnax 

ToBopuM, hto oTo6pa»ceHHe / : M n —> M”, n > 2, Ha3BiBaeTca Aunmui^eeuM, 
ecjiH ynH HeKOToporo L < oo h yjiH Bcex P, T H3 (M n , g ), BBinojiHeHo HepaBeH- 
CTBO 

d*(f(P),f(T)) < Ld(P,T), 

rye d h d * - reoye3HHecKiie paccToamiH Ha (M n , g ) h (M* , g*), cootbctctbchho. 
HanMeHBHiaH H3 Taxiix KOHCTaHT Ha3BiBaeTCH KOHcmanmou JJunmuv^a h 
o6o3HaHaeTCH Lip(f). OymiM H3 npnMepoB jirinmnyeBOH (JnyHKpiiH b M n mojkct 
cjiyjKHTB c|)yHKH;HH f(x ) = dist(x, F), rye F - 3aMKHyToe noyMHoxcecTBo M n , 
ripuneM, Lip(f) = 1. 

CyiyecTByeT Tarcxce h 6ojiee y3KHH Kjiacc oToSpanceHHH, neM jinninHyeBBi, 

a HMeHHo, SmiimmimeBBi oToSpaxceHHH. 

ToBopHM TaKJKe, hto oToSpanceHne / : M n —> M”, n > 2, duAunmuv^eeo , 
ecjiH oho, BO-nepBBix, jiHnniHyeBO, a BO-BTopnix, 

L*d(P,T)<d.(f(P),f(T )) 

yjis HeKOToporo L* > 0 h yjiH Bcex P h T H3 (M n , g). 

IlycTB yajiee - oTKpbiTBie MHoncecTBa Ha (M n ,g), n > 2, / : O —> M™ - 
HenpepniBHoe oToSpaxcemie. AHajiorHHHo HD], CM. TaiQKe [T6j rOBOpHM, HTO 
oToSpaHceHHe / : O —> M* kohchho Aunmui^eeo, ecjiH L(P, f)<oo yjiH Bcex 
P 6 O, n Koneuno duAumuuv^eeo, ecjiH 

0</(P,/)<L(P,/)<oo 


yjra Bcex P e rye 


L(P, /) = limsup 

T— 


d(P,T) 


(3.1) 


T e M n , h 


Z(P, /) = lim inf 


tj(/(P),/(P)) 
d(P,T) 


OneBiiyHO, hto Kaxcyoe jiHnmHpeBO OToSpaxceHiie hbjihctch kohchho jiHnmn- 
peBBiM h, cooTBeTCTBeHHo, Ka>K,xoe SHjHinmHpeBo oToSpaxceHiie hbjhk'tch Koiien- 
HO 6HJIHnHIHH,eBBIM. 
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OScoHaHHM flajiee nepe3 K p (P, f) eHeumtoK) duAamayum Ha (M n , g),n > 2, 
onpe^ejiaeMyio cjieflyiomHM o6pa30M: 


Kp{P,f) 


L p (P,f ) 

J(PJ) 

1 

oo 


npn J{P,f) ~f~ 0, 
npn L(P, f) = 0, 

B OCTajIBHBIX TOHKaX 


(3.2) 


r^e 


J{P, f ) 


V,(f(B(P,r))) 
r—>o V(B(P,r)) 


n.B. 


(3.3) 


HanoMHHM, hto npn p — n nojiynaeM BHeniHioio ^HjiaTapnio K (P, /) oTodpa- 
HceHHH /, onpe^ejieHHyio cTaH^apTHBiM o6pa30M, cm., Hanp., n. 3 b [Tj. 
HanoMHHM TaKJKe, hto ||/ , (x)|| B o6o3HanaeT MaTpHHHyio HopMy hko6hcboh 

MaTpHH,BI /' OToGpaaceHHH / B TOHKe X G D, ||/'(a;)|| = sup | f'(x) ■ h | , 

h£R n ,\h\=l 

Jf(x) = det f'(x) - HKodnaH oTodpaoKeHHJi / h Kf(x ) = \\f'(x)\\ n /Jf(x) - 

BHeiHHIOIO ^HJiaTapHIO OTodpaJKeHHH / b R n . 


3aMeuaHHe 3.1. I Iepexo/in k jioKajiBHBiM KoopyiinaTaM, no saMeuaHHKj 1 
BHflHM, hto onpeflejieHHH L(P, f) H3 (13. ip h ||/'(jc)|| B R n , BHemHefl ^HjiaTapiin 
K p (P, /) H3 (13.21) h Kf(x) b R n , a TaKnce o6o6in;eHHoro HKodnaHa J(P,/) H3 
(13.31) H Jf(x) H3 R n , COOTBeTCTBeHHO, COTJiaCOBaHBI B TOHKaX ^HcJx^epeHpH- 
pyeMocTH oTo6pa>KeHHH /. 3aMeraM TaKnce, hto BejiiiHHHa Kf{x) iiHBapnaHTHa 
OTHOCHTejIBHO 3aMeH JIOKajIBHBIX KOOp^HHaT. TaKHM o6pa30M, KaK BHflHO H3 
HOpMajIBHBIX KOOp^HHaT, K p (P, f) MOJKHO BBIHHCJIHTB n.B. Hepe3 Kf(x ) H B 
JHodniX JIOKajIBHBIX KOOp^HHaTaX flJIH yKa3aHHBIX OTo6pa>KeHHH. 


Cjie^;yioiii;ee VTBepoK/ipHHe ubjihctch kjhohcbbim ^jih flajiBHeftmero uccjie- 
flOBaHHH. 

BriepBBie aHajioriiHHBiH pe3yjiBTaT 6 biji nojiyneH b R n , n > 2, cm. cjieflCTBiie 
5.15 b [El, cm. Taioxe cjie^cTBHe 10.10 b 11,0 . 

TeopeMa 3.2. PLycrm> (M n , g) u (M", g*), n > 2, - zAadnue puMcmoeu mhozo- 
o6pa3UA, £2 - orriKpurnoe Mnootcecmeo U3 (M n ,g). Tozda ak>6ou Koneuno 
SuAunmuyeeuu zoMeo.Mopf>u3M f : £2 — * M" neAnemcA huchchum Q-zoMeo- 
M0p(f)U3M0M OmHOCUmeAbHO p-ModlJAH, p G (0, oo), c Q(x) = Kp(P, /). 

Proof. Bojiee toto, noKanceM, hto 

M p (fT) > inf [ dV 

e&extp admT J K p (P. f ) 

n 


fljia jnodoro ceMeficTBa T (n — l)-MepHBix noBepxHocTeii S b £2. 

IlycTB flajiee B - (dopejieBCKoe) mhokcctbo Bcex tohck P H3 £2, yye. 
corjiacHo 3aMenaHHHM 11.21 h I3TT1 / HMeeT ^HcJxJiepeHpHaji f'(P) h J(P, /) ^ 

0. H3BeCTHO, HTO B HBJIHeTCH oO'BOyHITCniTCM CHeTHOTO HaOopa OopejieBCKIIX 
MHooKecTB Bi, l = 1,2,..., TaKHx, hto fi = f\ b 1 OHjiHniHHiipBo, cm., Hanp., 
nyHKT 3.2.2 b [21]. He orpai tit T titb a >t o6ih;hocth, mojkiio CHHTaTB, hto 72/ 
nonapHo He nepeceKaioTCH. Otmcthm, hto B 0 = £2\P h f(B 0 ) HMeeT HyjieByio 
Mepy B M n H M", COOTBeTCTBeHHO, BBH^y 6HJIHniHHU,eBOCTH OTodpaJKeHHH /, 
cm. cjieflCTBHe 8.1 b [TB] h 3aMenaHHe o TaKHM o6pa30M, no TeopeMe 2.4 
B ma, cm. TeopeMy 9.1 b [TB] , As(B 0 ) = 0 ^jih p-n.B. S G T h, t.k. / - 
KOHeHHO 6HJIHniHHH,eBBIH rOMeOMOpc[)H3M, As„(f(Bo)) = 0 flJIH p-n.B. S G T, 

Tfle S* = f o S. 










IlycTb p* G adm /r, p* = 0 BHe /(O), h nycTB p = 0 BHe 12 h 

^(P) = p*(/(P)) L(P, f) 

pjia n.B. P G 12 . 

Paccyacpaa Ha KaacpoM P;, no 3.2.20 h 1.7.6 b [2T] nojiynaeM, hto 


J g n - ] d,A > J g^dA* > 1 

s s* 


fljia p-n.B. S G T h, TaKiiM o 6 pa 30 M, g G ext p adm T. 

C noMorpBio 3 aMeHBi nepeMeHHBix ^yia Kjiacca KOHenHo SHjiHnmiipeBBix 
cJjyHKHHH, cm., Hanp., nyHKT 3 . 2.5 b [ 21 ], h TeopeMBi JIe 6 era nojiynaeM, hto 


V [ P ) 

' Si 


dP 


g%P) 

K p (P,f) 


dV 


J &{T) dV*, 
m) 


hto h npiiBO^HT k HyjKHOMy HepaBeHCTBy. 


□ 


4 O rpaHHHHOM noBefleHHH kohchho SmimmiHiieBBix ro- 

MeOMOp(J)H3MOB 

/Jajiee, ymiTBiBaa TeopeMBi o rpamiHHOM noBe^eHim hidkhiix Q-roMeoMop- 
c|)H3mob H3 n. 6 cTaTBH [T], b KanecTBe cjie,n,CTBHH nojiynaeM pa,n; TeopeM o 
rpaHHHHOM noBefleHHH kohchho SnjiHninnpeBBix roMeoMop(J)H3MOB Ha rjia^Kiix 
piIMaHOBBIX MHOrOo6pa3HHX. 

AHajiornHHo [IB] roBopnM, hto rpaHHpa oSjiacTii D - cjiado haockoa e 
moHKe Po G dD, ecjin fljia jno6oro nncjia P > 0 n jiio6oh oKpecTHocTii U 
tohkh Po iTanneTcn ee onpecTHocTB V C U, Tanaa, hto 

M(A(P, P; D)) > P 

fljia jiio6bix KOHTHHyyMOB E n P b D, nepeceKaioirpix dU n dV. 

Tanace roBopriM, hto rpamipa oSjiacTH D cu/ibno docmuatcuMa e mouKe 
Po G dD, ecjin fljia jiio6oh oKpecTHocra U tohkh P 0 , Han^eTca KOMnaKT E C 
I). OKpeCTHOCTB V C U TOHKH Po H HHCJIO 5 > 0, THKHe, HTO 

M(A(E,F;D)) > 5 

fljia jiio6oro KOHTHHyyMa F b D, nepeceKaiomero dU h dV. 

HaKOHen, roBopHM, hto rpaHHpa oSjiacTH D Ha3BiBaeTca cuAbno docmuotcu- 
mou h cAado uaockou, ecjin cooTBeTCTByiorpiie cBoiicTBa hmciot MecTo b Kaacpofi 
TOHKe rpaHiipni. 

HanoMHHM TaKiKe, hto TonojiorHHecKoe npocTpaHCTBo coa3ho , ecjin ero 
HejiB3a pa36riTB Ha ;iBa HenycTBix otkpbitbix MHoacecTBa. OSjiacTB D Ha3BiBa- 
eTCa AOKCLAbHO C6A3H0U 6 mOHKe Pq G dD , eCJIH pjia JII 060 H OKpeCTHOCTII U 
TOHKH P 0 HafipeTCa OKpeCTHOCTB V C U TOHKH P 0 , TaKaa, HTO V n D CBH3HO, 

cp. [331 c. 232], 

IIo TeopeMe 6.1 b [X] H3 TeopeMBi 2 nojiynaeM cjiepyrorpee 3aKjnoneHiie. 

TeopeMa 4.1. Ptycmb D AonaAbno ceA3na na zpauuye, D KOMnanmuo, dD * - 
CAa6o nAOCKaA. Ecau f : D —» Z2* - Koneuno duAunmuyeeuu soMeoMop$u3M 
c K(P,f) G L n ~ 1 (D), mo f^ 1 uMeem nenpepuenoe npodoAcucenue ua P*. 
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3ajYie'iaHMe 4.2. Otmcthm, t ito 3,n;ecB ycjiOBne K{P, f ) G L n ~ '(D) Hejit>3H 
3aMeHHTb Ha ycjioBHe K (P, f ) G L P (D) hh ripn KaKOM p < n — 1, cm., npHMepbi 
jiHnniHpeBBix oToSpaxceHHH b ,n,oKa3aTejiBCTBe TeopeMBi 5 b [7J. O^HaKo, 
3flecB flocTaTOHHo npe^nojiaraTB, hto K(P, f ) G P 1_1 (P D U) pjm HeKOTopofi: 
OKpeCTHOCTH U rpaiiHpBi I). 


no TeopeMe 9.2 b [ 9 ] H3 TeopeMBi 2 TaKvKe HMeeM cjie^yiomHH pe3yjiBTaT. 


TeopeMa 4.3. IJycmb D aokcuii>ho c6A3hcl na zpanuye, D KOMnanmno, dD * 
- c/ia6o njiocKaH u 


S(xo) 


dr 




= OO 


V Pn e dD 


(4.1) 


dAH Henomopogo 5(P 0 ) G ( 0,d(P o )), sde d(P 0 ) := sup d(P,P 0 ), maKozo, 


PeD 

P(Po,<5(Pq)) - HopMcuibHan oKpecmnocmb mouKU P 0 u 


umo 


||Al| n _ 1 (P 0 ,r) = 


/ 


\S'(Po,r) 


\ 


1 

n — 1 


K n ~\PJ) dA 




Tozda, ()jih jitodoeo Koneuno duAunmuyeeogo goMeoMop$u3Ma f : D —>• P* , eso 
oBparnnoe omodpaotcenue / _1 donycKaem nenpepuenoe npodoAotcenue na D *. 


n P H 3TOM MBI TaiQKe B0Cn0JIB30BajIHCB HOpMajIBHBIMH OKpeCTHOCTHMH, npefl- 
jiojKeHiieM 1 h 3aMeuaHHeM 1. 

AHajiorHHHo no jieMMe 6.1 b [9J h TeopeMe 2 HMeeM: 


JleMMa 4.4. IJycmb D AomAbno c6A3Ha e Pq G <9P, dD * cuAbno docmuotcuMa 
xomn 6u e oduou moune npedeAbnoso MHOcucecmea C(Po,f) = {T G M™ : 

T = lim f(Pk), Pk —>■ Po, Pk £ P} u D * KOMnanmno, K(P,f ) : M n — >■ 

k—>oo 


(0, oo) - u3MepuMaA (fiyunyuA u nycmb f : D —$■ P* - kohchho duAunmuyeeuil 
goMeoMop$u3M e monne Pq. Ecau ycAoeue 0771) eunoAneno e mom ce Po, nio 
/ npodoAOfcuM e Pq no Henpepuenocmu. 


Cjie,zi,CTBHe 4.5. IJycmb D aokclauho c6A3Ha e moune Pq G dD, dD * cuauho 
docmuotcuMa, P* KOMnanmno u nycmb f : P —>■ P* - kohchho duAunmuyeeuu 
g0Me0M0p$U3M c 

K (P, f) = 0 ^log ^ npu r := d(P, P 0 ) -> 0. 


Tosda f donycmem npodoAotcenue e mouny Pq no Henpepuenocmu na (M", g*). 

HaKOHen;, Ha ocHOBe TeopeMBi 14.31 h jicmmbi 14.41 npuxo^HM k cjieflyiomeMy 
3aKJIIOHeHHIO. 


TeopeMa 4.6. IJycmb D aokoauho c6A3hcl na gpanuye, P tiP, KOMnanmnu, 
<9P* - CAado nAocKdA. Tosda Avodou kohchho duAunmuyeeuu soMeoMop(fiu3M 
f : D —$■ P* c ycAoeueM /\4-J\ ) donycmem zoMeoMoptfmoe npodoAotcenue f : 
D ->• P*. 
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CjieflCTBue 4.7. IJycrri'b D AonaAbuo c6H3Ha na gpanuye, dD* - cacl6o ruiocnan, 
D u D* KOMrumniHU u nycrrib f : D —>• D* - Koneuno SuAunmuyeeuu dOMeo- 
MopcfiusM c 

log - ] npu r := d(P, P 0 ) —> 0 VP 0 £ dD. 

r ) 

Tozda f donycKaem goMeoMopcfmoe npodojicucemie f : D —>• D*. 
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